We investigate the relation between the factorization schemes in previously proposed Feynman-like rules for the Veneziano model and the gauge freedom in the massless YangMills field. We consider the case of the unit intercept and introduce to our rules the ChanPaton U(2) factors. By taking a zero-slope limit of the Feynman-like rules in two different _factorization schemes, we derive two forms of the Feynman rules for the massless YangMills field. One of them is in the usual Feynman gauge and the other is in a special nonhermitian gauge which, has been proposed by Gervais and Neveu. It turns out that the zero-slope limit of the usual off-mass-shell n-Reggeon vertex has a peculiar feature which cannot be described by Lagrangians. Nevertheless, we show that the on-mass-shell physical amplitudes can be described by Lagrangians. The investigations are confined in the tree approximation. § l. Introduction It is known that there is a considerable degree of freedom in factorizing the dual resonance amplitudes. The existence of such freedom reminds us of the gauge freedom in gauge :field theories. A very general single-factorization scheme which has this freedom was proposed by Shapiro. 1 l This scheme was further extended to general n-ple factorization in an earlier paper 2 l of the present author,· which is hereafter referred to as I.
It is known that there is a considerable degree of freedom in factorizing the dual resonance amplitudes. The existence of such freedom reminds us of the gauge freedom in gauge :field theories. A very general single-factorization scheme which has this freedom was proposed by Shapiro. 1 l This scheme was further extended to general n-ple factorization in an earlier paper 2 l of the present author,· which is hereafter referred to as I.
On the other hand, interesting relationships between the dual models and the gauge :field theories have been established for some zero-slope limits 3 l~a) of the dual models. However, the connection between those two different theoretical programs is shown only for the S-matrix elements. It is of some interest to seek more structural correspondences between th~m.
The purpose, of the present note is to investigate the zero-slope limit in detail and to establish the connection of the general factorization scheme developed in I with the gauge freedom of the massless Yang-Mills :field. In studying the zero-slope limits, it is very convenient to use the Feynman-like rules based on the Nakanishi decomposition 7 l of the dual amplitude, which was proposed in another paper 8 l referred to hereafter as II. According to these rules, the topological structure and the counting_ of graphs are identical with those of the ordinary ¢ 3 -F eynman graphs. In this note, we consider the zero-slope limit a' ~o of the Veneziano model with the Chan-Paton isospin factors, keeping the Regge intercept a (0) equal to one instead of setting -a (0) =a' m 2 • We then demonstrate how
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our Feynman-like rules tend to the ordinary Feynman rules of the massless YangMills field if we assume that physical external particles are massless vector ones. In this note, however, we confine ourselves within the tree approximatim;, because our rules in their present form cannot be fully compatibl~ with unitarity owing to the propagation of the unphysical states when the loops ·are constructed naively.
In II the rules are written down only in the multiperipheral factorization without any internal symmetry. In the Appendix, we give the rules in the general A-factorization of I with U(2) symmetry. In § 2 we consider the case A =t and derive the Feynman rules for the massless Yang-Mills field in the Feynman gauge.
In § 3 we consider the case A= 0 and derive the corresponding Feynman rules which turns out to be the "pseudo-rules" of Gervais and Neveu. 9 J In § 4 we find the Lagrangian corresponding to the general A-factorization scheme. This Lagrangian only describes the zero-slope limits of the on-mass-shell physical amplitudes. As we shall illustrate in § 2, the zero-slope limits of general off-massshell n-Reggeon vertices (n>4) cannot be described by any Lagrangian. § 2. Derivation of the Feynman rules in the .:\ = l/2 factorization In this section, we consider the case A= t of the rules given in the Appendix and derive the Feynman rules of the massless Yang-Mills field in the Feynman gauge. The derivation is performed through the following four steps. First, we decompose the propagator into two parts; one is the zero-mass pole term and the other cannot give any pole after the zero-slope limit is taken. The former part is further divided into a vector part and a scalar part. In the second step, we show that the scalar part does not really propagate in the graphs with all of the external lines being physical and on the mass shell. Consequently, the scalar part can be omitted in the final form of the Feynman rules. In the third step, we graphically define a four-point vertex and show that the z'ero-slope limit of the physical S-matrix elements can be described by the ordinary Feynman rules consisting of a three-point vertex and the four-point vertex. In the final step, we calculate the explicit forms of the vertices and show that they are identical with those in the Yang-Mills Feynman rules in the Feynman gauge.
Step 1
The poles arise from the propagator for the reason that the integration of Chan varia]?les cover the points at which the Chan variables vanish. In our rules, this occurs only for the manifested propagators in a given ¢ 8 -Feynman graph. In the zero-slope limit with the intercept being fixed at one, the only relevant pole is the zero-mass pole. Therefore 
We represent the first terms in (2·1) and (2·2) by -----and --, respectively, and the non-pole contributions in the propagator by I?Z?2'2I
We note that I1' ZZZ2! IS of first order in a'.
Step 2
Now, we show that the scalar part (dJ does not really couple for the physical S-matrix elements. We first note that it can contribute to the pole, only when the vertices contain the leg-variable dependence. We show that for the on-mass-shell physical amplitudes the leg dependence is only apparent.
Because of the cluster property, a half of the vertex factor corresponding to a given channel n in a given graph can be written, apart from the integration measure, as (2·8) Other variables are not affected by this variation. Thus, (2 · 4) varies to
where the relations 2 l' 7 l <al U (~a
are used. The U operators in (2·9) can further be factorized as
where G (a, lc) is the gauge operator in the lc -factorization given in I and defined by
and a, (3 are given by a= (zn-h Z1, zEn'' zEJ, (3 
By using (2 · 12), (2 · 13) and (2 · 15), we see that (2 · 9) becomes
In I, it is proved that (2·15)
In our case, the integration· region is more restricted than in I. However, the restriction is performed in a fully Mobius invariant way. Since the proof of (2 ·17) only rests upon the Mobius invariance, the identity (2 ·17) also applies to our case. An hermitian conjugate form of (2·17) holds for the other half of the vertex factor. This completes the proof for the decoupling of --~:._-for the on-mass-shell physical' amplitudes.
Step 3
Now we see that the zero-slope limits of the on-mass-shell physical amplitudes can be described by two kinds of lines --and li2ZZ2I , and the following four vertices: ---< , ·~ , ~~ and ~ which are hereafter indica.ted by Vs, v2, VI and Yo, respectively: Since the line I'ZZZZZ2I is not a pole, the parts which consist of only this line should rather be regarded as new vertices. On dimensional grounds, when the number of the vector lines exceeds four, such vertices cannot exist in the zero-slope limit. This can also be directly seen by inspection of the order of the vertices in a'. As we previously noted, liZZZZ2I is of first order in a'. From (A ·1) we see that the vertex is of the form (a')-1 1 2 X (dimensionless quantity). The dimensionless quantity always contains a' in the combination (a')+ 112 X (momentum) and is not divergent when all the momenta vanish. Thus, the vertices V are at most of order (a')-1 1 2 , while the three-vector vertex Vs is of order (a') 0 (see (2·19) below). Then, the only possible new vertex is ·~. *l we define a four-point vertex v4 by *l If all the internal lines are 1?ZZZ2J , a tree graph with n external vector lines behaves like
After all inequivalent tree graphs are sum~ed up, the. vertex ~ is always lumped together by (2·18). It is now evident tha:t the zero-slope limits of every ¢/ graph with on-mass-shell and transverse external lines can be described by the ordinary Feynman rules with the two vertices Va and V 4•
Step 4
Finally we must calculate the V8 and V4• From (A·1) we find 1 g Tr (ra,r~,ra,)
Thus, we have 
The first bracket in (2 · 20) can be computed from the four-Reggeon vertex m the A= t factorization. 2 l It is given by -i; {! Tr(ra,ra,ra,ra,)B< 112 l (1, 2, 3, 4) + ! Tr(ra,ra,ra,ra,)BCl/ 2 ) (1, 2, 4, 3)
'where + _!_ Tr (ra,ra,ra,ra.)B< 112 l (1, 3, 2, 4)JL, 
.) (iJ.,la,iJa,a,-iJala,iJaaa,)} • (2·26) Since for each internal vector line a factor ctY is associated with the usual propagator i (g~'" / P 2 ) (see (2 · 2)) and for each external vector line a factor t is associated with the usual wave function (se~ the Appendix), the Feynman rules given by (2 · 19) and (2 · 26) are identical with the usual ones of the massless Yang-Mills field in the Feynman gauge within the tree approximation, when gj .J2
is identified with the usual coupling constant.
We emphasize that the zero-slope limits of general off-mass-shell dual amplitudes defined by the n-Reggeon vertices cannot be described by our It is not possible to describe this expression by ordinary Feynman rules derived in the Lagrangian formalism except for the case V,, 1 (0) = V(, 1 (0) which is nof our case. This is because, to interpret the expression in terms of a Lagrangian, there must also exist contributions V8, 4 (0) (1./p 2 )V 1, 2 (0) and
. Derivation of the Feynman rules in the X= 0 factorization
Compared with the previous case, some complications arise in this case, because the twisted part of the propagator is not diagonal in the occupation number basis so that the vector state and the ground state have not definite parities under the twisting. For this reason it is very convenient to use the twisting non-invariant scheme which is given in the Appendix. Ip. this scheme only the twisted propagator is used. Then, we can proceed in the essentially same way as in the previous case.
Step 1 
Step 2
We have already proved that (3 · 2) does not contribute to the on-mass-shell physical amplitudes-in Step 2 of the previous section, where the arguments are presented for general A. Furthermore, it is true that (3 · 3) and (3 · 4) do not generate poles for the on-mass-shell physical amplitudes, as we shall show below. [, we obtain --
This relation shows that (3 · 3) and (3, 4) do not give poles to the on-mass-shell physical amplitudes. They contribute to the zero-slope limit only in making new vertices.
Steps 3 and 4
By inspecting the order in a', we see that possible vertices are ~'
-.--, -=---< and ~· . The first three can be easily computed from (A·1)
of }. = 0 and are 'given ·by
respectively. We calculate the four-point vertex by using the relation 
/ ~2
.: . 3?.'---·2 (3 ·10) where the notation P(N) denotes that only the pole (non-pole) contribution which can appear is taken because the vector lines are not on-mass-shell physical states. The first term on the r.h.s. of (3.·10) is equal to the zero-slope limit of the usual cyclic symmetric four-Reggeon vertex .in the multiperipheral factorization. It is given by -i g2 Tr(-ra,'ra,'ra,'ra.) B<OJ (1 2 3 4)
On the other hand, by using (3 · 7), (3 · 8) and (3 · 3), we find
p 4 ·~:--<l = -ig 2 Tt(ra,ra,ra,raJ
·After computing other diagrams and inserting them together with (3 ·l:l) "-' (3 ·13) into (3 ·10), we find (3·14)
For the reason explained in Step 2, to formulate the rules for computing the onmass-shell physical amplitudes, only the vertices (3 · 8) and (3 ·14) are necessary. We see that our rules are just the "pseudo-rules" proposed by Gervais and Neveu. 9 Y Since we have derived these rules directly from the Feynman-like rules, it becomes clearer how the rules are connected to the multiperipheral factorization of the dual amplitude. We again note that the zero-slope limits of the offmass-shell Reggeon ·vertices cannot be described by the "pseudo-rules". The "pseudo-rules" are equivalent to the usual Feynman rules derived from a Lagrangian when we define the symmetric vertices by 
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where the summation goes over non-cyclic permutations. The propagator here is taken to be 2 -· --.
• § 4. The Lagrangian corresponding to the general X-factorization
For the general },-factorization, by calculating the corresponding three-point vertex, we find the Lagrangian given by 
where Ba's are auxialiary scalar fields. As is well known/ 0 ' there is a difficulty in constructing fully unitarized theory based on the Lagrangians of the type (3 ·18) because the auxialiary fields are not free fields. 'In order to construct the unitarized dual theory, we must overcome the corresponding difficulty in our infinitecomponent case. The rules for the U(2) factor given above is equivalent to the Chan-Paton rules, because of the relations 3 i Tr 0ca,t"aa··raJ = :E i Tr(ra,t"a,···ra,t"a)i Tr(rara,,,···raJ, a=O (A·ll) 8 8 :E taa' Tr (ra't"bt"c) = :E Tr(rat"c't"b')tc'ctb'b. Note that the matrix t is the twisting operator for the U(2) factor. Several ~ functions and (8) functions in the vertex and the propagator .restrict the domain of the integration so that the pole singularities exist only in the channels which are manifested in the ¢} Feynman graph.
The above rules can also be formulated by the use of only the twisted prop-( 0 1 00) . .
agator ~abU T(l..., ()))..) because the untwisted propagator can always be 0 ())).. 00 .
removed from the tree graphs .by using the proper~ies of the twisting operator. Then, the rules are as follows: By means of only the twisted propagator and the cyclic symmetric vertex, construct all possible tree graphs with a given cyclic ordering and sum up the contributions of all possible non-equivalent orderings.
When we use these rules in § 3, we specify the cyclic ordering of the vertices and the propagators by the dots.
